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Stes Trem:Meaning of

Stokes theorem: JSCrrlEond,S
=(E.I ds

& Flux of e line integral
the Curl E around

Emple:Verify
thru s boundary

Stokes theorem in

Case A:hemisphere Crn/A---.,CurIE.
x+y +z =9,z =0 I

dis
e >

E =y2 -x

:The boundary curve for
the hemisphere

13: =x +y =3 n S

· First we calculate RNS:
I< <

- 3
ꌀ

e
· 3

JE.Ids =SMdx+Ndy=SBysint)-3xcostdti t-3cost
e t =A dx=-3sintdt-3sint
x=3cost y =3Sint

0 dy =3 cost dt

=qI*sin't-cost dt = - 9.2i =nt



·Now calculate (HS: I/CurlE. d,S ꌀ

S
↳ I

Cur -
=k(- - 1) =

-2k
6x 6yz

y
- x O

-

r(x,y) =(x, y,x+ y)

I
-

iy8+t-itattheR

x+z

(vrIE-t =(-2k).(Xi +3,1 +zh)5
= -z

Sphericalcoordinate
a

costs
We have:A =1*lsing (Frommapproblem->

↑

SS Crl.nd,S =)-5Ed,s=YgszsingdadS
↑ 3cost

3
= -3())singde=-by

u =sinD r
du=cos4&4



③
Empled Use Stokes to obtain the correct

interpretation of Curle as "circulation per area in
"

S:Let F be a vector field. Recall that

·E.Ids is the "circulation in E
around ?"

e

because it measures
the component of tangent

to e, weighted
witharclength ds, and

summed
F

around the curve t.

So... take a small disc Daof,
radius s so,

oriented with

normal i, placed at a point 1 = (X,1,2).

Let to be the boundary circle of an 7

E

L

Do, oriented by RAR with . ↳En
↳

Now apply Stokes Meorem:
2

Da

SSCurl.Id,S =F.F ds

De
e A n

we wonder what We know
this is

Cralf measures circulation in E around 2



Now for the trick:assuming E is ④

smoothly varying, (say continuous
derivatives (

we know that as e-so,
the value of

Curlen in DS is very close, i.e.
tends to

it's value at the center, namely,
CurlEn(*).

Thus we can approximate CurlEin
as constant,

and pull it out of IS, only incuring
a

small error which we be negligible as e-so,

I.e. SSCurlE.Id,S=CurlE.n(e) SId,s
+ error
w

whatweare De smaller than
1B)

Da We

trying to
Area of Da =IDg) =4s

"

interpret
this from stokes theorem:

SSCvrIE.Id=CurIE. (e) IDel + error= E.F ds
Da Ca

Divide thru by IDs1...

CrrIE.(t) = ie Ids- tends to
zero as

we↑3-0



⑤
Thus: CurIEonCl=aSEIds
(Applies to any area e
Do oriented by

normal i) circulation per area

ade:the value of CurlEon
at a points

measures the circulation per area in
E

-

around the axis i.-

Example Around which axis i does E

exhibit maximum circulation?
95

A:CurIEon=IlCurIEDIInIIcoSA *

↳crsE
which is maximum when cost=1, A

=

0,

So the axis around which circulates
& CurIE

most rapidly is n =

inty,
in the

direction of CurlE&



ExampleWhat does the length of Curle
8

measure?

A:The maximum
circulation per area occurs

S WE The magnitude being
around axis n =

IlCurIFII
I

CurlEon =CurIE otE=IICurl
maximum
- circulat con

per area
M

Conclude Curlegives theS-

around which I is circulating most rapidly,
and its lengthis the magnitude of

maximum circulation &
Note:the component of Curl

in any unit

direction in gives circulation per area
around

circlutation per=[urlE.h=IICurIEIIcos AIarea around itI
=Component of Curle in direction CursErnen

of unit vector CurIE



* ation:The Curl as"revolutions per ⑦

second" -frequency in fluid model
-

Assume E = r =velocity in Arid model of

a density 5(x,bit) moving at velocity
i =v(x,y,t
I
---

I.e. a streamling itis thee--airfoile2
curve taken by a fluid->

Dparticle, and the velocitye
vector (2) = F(t) forthe streamline than 2

=(x,1,z)

Q: What does Curly measure at pt (x, y,z)?

Ans: Curlt.n=44w where wewins
sec

of a bead circulating on a circular wire Ez

oriented by assuming togives
the

velocity (i.e., no friction,
no loss of momentral

1
in limit 2-0.

beadGek:Dimensions [Vx] = = (v] =1 trotating
[CurIr.n] =[CurI] [n]=I Y

II I dimension of frequency

(i)=1=> unit vectors are dimensionless)



Examples: Verify Curlt.n
=4w

I -

⑧

Circulation
S:Curlin=- w=re rotating↑ area

Stokes

-S.ds es
w Ca Y
area

(the approximate equality becomes
-in limit 2 - 0)

But
Srids=rFedt
em dS =3dA

F.F =dS S. (a)dtdt =2πE

e
-As of beda I =average speed taround &g

=2π 3Y

Check:

-IfIt) dt =nothi,f(tm)rtm+imtn)N-0
w

average
off



Gude:Curltonat*****
Now:ataverage speed, the bead makes
-

one revolution around 24C=
circumference of te

in time period T where

-

23 =YoT => T = z
dist=dittime

Thus: #rer -
I= =

w

clude
ecotonere I
w =3) Curlton =I
I =2Naw =>CurIt.n= 2M4w =4πwv

Summary:In the fluid model, the Curli

gives axis of maximal rotation of a bead

constrained to move around a circular wire oriented

1 Corlt. The length I/curll then gives the

maximal frequency of rotation, and Curtin gives

frequency of rotation around axis.

InFluid Mechanics:Curly =vorticity. Vorticity

plays a fundamental role in
the theory of fluids.



Example& Assume a fluid is moving with ɩ

velocity vector E =Y =xi +xyzR. (me)
I Find axis of maximal rotation at

P = (1, -1,2)=

2) Find the maximal circulation/area

B) Find the frequency w
and period for a

bead rotating with around a circle of radiuse,
-

center do, around axis E =12,11,1).

:? CurE=
II

= I(Xz -0) - j(yz -0) +k(0
-0)

Ex Gy 6z

x 0 xyz =xzz - y z 8
men

CurIE= (XZ, -yz,0)

⑧ I
=(1x -1,4), CurlE=(25,0)

·" axis ofmaxial rotation =urp-
(2) Maximal circulation per area=I/CunF11

= 8 =252
-

- -
occurs around axis i

(1,1,0)
E
- Curli.n =4πw

(3) For E =vc CurlY=(Xz,-yz,0),

W =inCurlr.n (40) =i (5,2,0).Eil =it,_I =I
N 4YT

Ans:W =r' T ==VTSeconds



↳ Why stokes theorem is true-
ꋷ

Stokes Theorem: S/Curl.nd,S=oE.Ids
A C

Q:Why is it true?

Ans:Because Curlin Crn/A---.,CurIE.
is the circulation per area,

I

dis
so when we write a Riemann e >

Sum for SSCurlend, each element Dis reduces fr

S
a line integral around its boundary,

and all

the interior adjacent line integrals alot

because they have opposite
orientation.

I.e., SSCrrlEnd,S= limb inIE.Fds Iij

S Gij

V A Rij

d
=
- ------- i <

C C S S

-

-Vj * : D

i ---otmiiii rune
dib

3
-
7



I.e., SSCurlEnd,S= lim SSSCurIEndiil-

S
N ->0 is DisistSEds
=lim [JE.IdsAll

adjacent line

integrals cancelNew is
lis out leaving only

boundary
=SEds

Rectangle Rectangularestei
VA Rij E

↑ i
<
C C S

- F(u,v)ai-sis-st>H

X

3, =
C

That is: all integrals on adjacent
sides cancel out because they have opposite
orientation, and the only line integralsleft

are the line integrals around outer boundary.
Nte:This would be a proof, except

we

used stokes theorem to get JSCurEnd,S=fF.Id,
①Sis Eij

so we can't formally use that to prove StokesThm.



ꋹ

Gade:the argument is circular in
the

sense that we assume
Stokesthm to interpret

CurlEn as circulation per area,
then use

this to prove
Stokes thm-Even so,

this is

the correct intrition for why
stokes the is TRUE


